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, Abstract 

We prove the differentiability of f3 of Mather function on all homology classes 

Q . corresponding to rotation vectors of measures whose supports are contained in 

^ c| a Lipschitz Lagrangian absorbing graph, invariant by Tonelli Hamiltonians. We 

-i— > ■ 

also show the relationship between local differentiability of j3 and local integra- 
i S • bility of the Hamiltonian flow. 

'. 1 Introduction 

Given a Tonneli Lagrangian L, Mather introduced the /3-function of L, which is 
a convex and superlinear function. Many interesting properties of the Euler-Lagrange 
<N- flow can be derived from the study of the behaviour of the /3-function. Understanding 

whether or not this function is differentiable and what are the implications of its re- 
gularity to the dynamics of the system is an interesting problem. This type of problem 
was developed by D. Massart in several works as, for example, [H] and |15j . 

Even in this context, D. Massart and A. Sorrentino get in the work Differen- 
tiability of Mather's average action and integrability on closed surfaces (see [16]) the 
relation, on closed surfaces, between the differentiability of /3-function and the integra- 
bility of the system. However there are examples of systems which are not integrable 
but have invariant Lipschitz Lagrangian graphs, i.e. invariant graphs of the form 
Grj,u = graph (n + du) where n is a closed one-form and u is a function of class C 1 with 
Lipschitz differential. 

Motivated by these problems, in this work we study the differentiability of (3 at 
homologies h whose the measures with vector rotation h are supported on an invariant 
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Lipschitz Lagrangian graph. We obtain differentiability of /3 in these homologies if 
the invariant graph is an absorbing graph, i.e. a graph which not contain oj-limit of 
minimizing curves out of it0. More precisely, we prove the following theorem: 

Theorem 1 Let Q ViU be an invariant Lipschitz Lagrangian graph. Then Q VjU is absor- 
bing if and only if (3 is differentiable at h for all h G da ([77]) and = G v ,u- 

One can derive some consequences of this result. For instance, if the system is 
locally Lipschitz integrable on an invariant Lipschitz Lagrangian graph Q ViU C T*M, i.e. 
there exists a neighborhood V of Q VtU in T*M foliated by disjoint invariant Lipschitz 
Lagrangian graphs, of course that the graphs contained in V are absorbing, so the 
following result is a local version of a result of D. Massart and A. Sorrentino (See [16], 
Lemma 5). 

Theorem 2 Let Q V)U be an invariant Lipschitz Lagrangian graph. If H is locally Lip- 
schitz integrable on Q v ,u, then there exists a neighborhood Uq C H 1 (M;R) of [n] such 
that /3 is differentiable at any point of V = [J ceUo da (c) . 

We prove the converse of Theorem [2] in the case M equals torus T 2 (see Theorem 
[T5l) . In this case, the set V = U c ec/ ® a ( c ) ' obtained in the above statement, is open 
in H\ (T 2 ; R). Then we geralize ([IS], Theorem 3) to local case. 

We also give a particular attention to existence of neighborhood contained in 
the tiered Mane, introduced by M-C. Arnaud in pQ, and its relation with the local 
integrability of system and therefore with the local differentiability of 0. Indeed, we 
prove a local version of a result of M-C. Arnaud (See [2], Theorem 1), in the Section 
Corollary [U 

2 Preliminaries 

Let M be a compact connected manifold and TM its tangent bundle. A Tonelli's 
Lagrangian is a function L : TM — > R of class at least C 2 which is convex and 
superlinear. Let us recall the main concepts introduced by Mather in [17]. Let Ai (L) 
be the set of probabilities on the Borel cr-algebra on TM which are invariant under the 
Euler-Lagrange flow tp^. The Euler Lagrange flow generated by L does not change by 

1 the formal definitions and all notations are defined in the Sections [21 El and 0] 
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adding a closed one form n and the action of a probability measure /ieM (L), defined 
by 

A L _ C (//) = / (L-r))d/i 
Jtm 

depends only on the cohomology class c = [rj] G if 1 (M; R). 

The minimal action value, which also depends only on the cohomology class 
c = [77], is denoted by —a(c), that is: 

a(c) = - inf A L _ C (/j) . 

Mather proved that the function c h> a (c) , so-called a of Mather function, is convex 
and superlinear. It is known that a(c) is the energy level that contains the Mather set 
for the cohomology class c: 

M c = |Jsupp(/i), 
/< 

where the union is taken over the set of Borel probability measures \x G M. (L) called 
c-minimizing , i.e. a(c) = —Al- c (/•*) • The set M. c is a compact invariant set which is 
a graph over a compact subset M. c of M, the projected Mather set (see [H]). M, c is 
laminated by curves, which are global (or time independent) minimizers. 

Given a probability measure /i G M. (L), its homology or its rotation vector is 
defined as the unique p(fJ>) G H\(M\ M.) such that 



(p(/j), [w]> = 




for all closed 1-forms oj on M. By convexity, we can consider the dual Fenchel of a, 
called (3 of Mather function, as 

P{h)= mf A L {p). 

PW=h 

Mather also proved that the (3 function is convex and superlinear. We say that a 
measure fi G M. (L) with p (/i) = h is h-minimizing if (5 (h) = Al (p) ■ The set Ai h is 
the union of supports of probability measures /i-minimizing. 

In general, the maps a and (5 are neither strictly convex, nor different iable. The 
projection on domain of regions of graph where either map is affine are called flats. 
Actually, if the map is strictly convex at a point, the flat is this only point and if the 
map is not strictly convex, the flat is non-trivial. By duality we have the inequality 

a(c) + P(h) > (c,h)yc G H X {M; R), V7i G Hi(M; R), 
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called Fenchel inequality. Given c G if 1 (M; R) (resp. /i G ifi(M;M)), the homology 
class /i G Hi(M; R) (resp. c G H 1 (M; M)) achieving equality in the Fenchel inequality 
is called subderivative of a in c (resp. subderivative of j3 in h). The set composed by 
sub derivatives of a in c (resp. subderivatives of j3 in /i) is called Legendre transform 
of c (resp. h), and denoted 9a (c) (resp. 8(3 (h)). Therefore, da (c) is a flat of (3 and 
9/3 (/i) is a flat of a. By convexity, the sets da (c) and 8(3 (h) are non-empty. 

Many interesting properties of the Euler-Lagrange flow can be derived from the 
study of the behaviour of the /3-function. For instance, if h is an extremal point of 
/^-function, i.e. h is not convex combination of two elements in a same flat of (3, then 
there exist ergodic measures with homology h (see [T5]). 

Let us recall that we can associate to such a Tonelli's Lagrangian L the Hamil- 
tonian function H : T*M — > K via Legendre transform C : TM — > T*M, which under 
our assumption, is a diffeomorphism of class at least C l , defined in coordinates by 

jC(x,v) = (x, ^ (x,v)j . 

Actually, H is the dual Fenchel of L and also is convex and superlinear. Given a 
cohomology class c and a closed 1-form r] c with [77J = c, we consider the Hamilton- 
Jacobi equation 

if (2, 7] c (x) + d x u) = a(c). (HJ) 

A Lipschitz function u : M — > M is called a subsolution of Hamilton- Jacobi for the 
Lagrangian L — c if for some closed 1-form ?7 C with [77J = c, we have 

if (a;,77 c (x) + d a! 'u) < a(c), (1) 

at almost every point. Note that this definition is equivalent to the notion of viscosity 
subsolutions (see [H]). We denote by C 1,1 the set of differentiable functions with Lips- 
chitz differential. Observe that a C ,l function u is solution of (HJ) if and only if the 
graph of r] c + du, denoted by Qt) c , u , is invariant under Hamiltonian flow. 

We now recall the definition of calibrated curves (see [9]). If u : M — y K is 
a subsolution of Hamilton- Jacobi for L — c, we say that the curve 7 : I — > M is 
(u, L — c,a (c))-calibrated if, for the representative r) c of the cohomology class c given 
in (JTJ) , we have the equality 

u(T (*))-« (7(0)= / L( 1 (s),j(s))-r ]c (j(s)) + a(c)ds, 

Jt' 

for all t', t G 7. The subset T c (u) of TM is defined by 

I c {u) = {(x, v) G TM : 7( x ,i)) is (u, L — c,a (c)) -calibrated} , 
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where ■J( X)V ) = 71 ° ft ( x i v )- The set T c {u) is invariant and the curves contained in it 
are called curves c-minimizing. 

Using the sets I c (u), one can give (see [10]) the following characterization of the 
Mane set and of the Aubry set: 

Kf c = |J X c (u) and A c = p| % (u) , 

u£SSc u&SSc 

where SS C is the set of subsolution of (HJ) for L — c. These invariant sets contain 
the Mather set and have interesting dynamical properties, for instance A c also is graph 
whose projection is laminated by global minimizers and it is chain recurrent. The Mane 
set M c is connected and chain transitive (see for instance [7]). 

Using the duality between Lagrangian and Hamiltonian, via Legendre transform, 
we define the sets of Mather, Aubry and Mane in the cotangent bundle, respectively 
by 

M* c = C (jW c ) ,A* C = C (£) e K = c (a/;) . 

One useful way to produce invariant Lipschitz Lagrangian graphs is to show that 
7r (A*) = M. If this is the case, the Theorem 2.5 of [10] says that there exists an 
unique solution u of (HJ) for the Lagrangian L — c which is C 1 ' 1 and such that A* is 
the graph of r] c + du, for some rj c representative of cohomology class c. 

3 Absorbing sets 

If u : M — > R is a subsolution of (HJ) for L — c, we denote by (u) the subset 
of TM defined as 

?c ( u ) = { ( x > v ) '■ l(x,v) I [o,+oo) is (u, L-c,a(c)) -calibrated} , 

where 7( x ,u) is the curve defined on R by 

l(x,v) (t) = it o ( x , v) . 

The forward Mane set is defined by 

K + = U 

uesSc 

where SS C is the set of critical subsolutions for the Lagrangian L — c. We define the 
forward tiered Mane set as the union of all forward Mane sets, i.e. the subset of TM 
given by 

A?(L)= (J A/-+. 

ceH 1 (M) 
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Definition 3 We say that an invariant set A C TM is an absorbing set if for all 

(x, v) G A/T (L) we /iave 

a; (x, u) C A =>- (x, v) G A 

Definition 4 Lei cT*M be an invariant Lipschitz Lagrangian graph. We say that 
Q is an absorbing graph if C^ 1 (Q) is an absorbing set. 

Lemma 5 If (x, v) G A/" c + , then the u- limit set u (x, v) is contained in A c . 

Proof: In fact, let (x, v) G A/" c + and 7 : K. — > M the projection of Euler-Lagrange 
solution 7 (t) = it o (pf (x, v) curve such that 7|[o,+oo) is (u, L — c, a (c))-calibrated for 
some u G SS C . This means that there exists a closed 1-form r\ c with [77J = c such that 
if (x, f] c (x) + efcw) < a (c) at almost every point and 

u(7(*)) -«(7(0) = ^L-r, c +a( c ) (7I [f,t]) for all < t 7 < *. 

Let (j/, z) 6w (x, v) , i.e. (j/, z) = lim^oo (7, 7) (O with *n °o. 

Let us consider cr : K — > M the projection of the Euler-Lagrange solution a (t) = 
7r o (ft (y, z) . Given a Hamilton- Jacobi subsolution u : M — > M belonging to S'S'c, there 
exists a closed 1-form £ c with [£ c ] = c and if (x, £ c (x) + d x u) < a (c) at almost every 
point. It follows from ([9], Proposition 4.2.3) that u satisfies 

u (7 (*)) - u (7 (0) < A L - ?C+Q ( C) (7I [*,*]) , Vf < *. 

We can consider V a C°° (M) function such that n c = £ c + dV. Thus, if s > and (tk) 
and (t m ) are two subsequences of (t n ) such that — s > t m + s and £ OT > s, we have 

A L _ fc+Q{c ) [_,,„]) + w (a (-s)) - m (<r (s)) 
= lim [A L _^ c+Q(c) {j\ [tm - s ,t m+ s]) +u(j {t k -s))-u (7 (t m + s))] 

< J™ [^L-£ c +a(c) (7l[tm-8,t m +s]) + 4&-f c +a(c) (7l[*m+s,*fc-s])] 

= Jim A L _ ?c+a(c) (Tht™-.,**-*]) 

= S [ A ^-«c-dV+a(c) (t! I*™-*,**--]) + y (7 (** - s)) - V (7 (t m - s))] 
= Ijm A i _ r?c+a(c) (7| [tm _ Sjtfe _ s] ) + V(7(-s)) - V(7(-s)) 
= lim u (7 (t fc - s)) - u (7 (t m - a)) 
= u(j(-s)) -U(7(-s)) = 0. 
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Therefore 

A L -Z c +a(c) W[- S , S ]) ^ U ( S )) ~ W (~ S )) • 

The opposite inequality holds because u is a Hamilton- Jacobi subsolution (see [9], 
Proposition 4.2.3). This shows that 

(y, z) G p| X c («) = A- 

■ 

Examples of absorbing graphs are the so-called Schwartzman strictly ergodic 
graphs (see [TT]). i.e. invariant graphs A which support an invariant measure with 
full support. In fact, let \x the invariant measure supported in A with = h. If 

u(x,p) C A for some (x,p) G £ ^X+ (L) J , then it follows from above lemma that 
oj (x,p) C A* fl A. In particular, 

w(x,p) c C (M h ) nA* c . 

Since 7r (^M h ^j = M, we have A* = C (^M h ^j = A. By the graph property, we conclude 
that (x,p) G A. 

Actually, the same argument can be used to prove that an invariant graph A such 
that all invariant probability measures with support contained in A have the same 
rotation vector h and the union of their supports equals A, also it is absorbing. 

Proposition 6 Let A C TM be an invariant absorbing set. If A c C A for some 
c G H 1 (M; M.) , then A projects onto the whole manifold M. 

Proof: Let us consider a closed 1-form n c representative of the cohomology class c. It 
follows from ([9], Theorem 4.9.3) that there exists a weak KAM of positive type u + for 
the Lagrangian L — rj c . Then u + is subsolution of (HJ) and given x G M we can find a 
C l curve ^ x : [0, oo) —> M with ^ x (0) = x, which is (u + , L — r] c ,a (c))-calibrated. This 
means that for all < t' < t holds 

u + (7s (*)) - u+ {lx it')) = L(^ x (s) , j x (s)) - r] c (j x (s)) + a (c) ds. 



Therefore (7^, 7^) G X+ (u + ) C A/" c + and, by Lemma 0, we have that the w-limit set of 
[lx, %) is contained in Aubry set A c . Since A is an absorbing set that contains A c , we 
obtain (x, % (0)) G A. ■ 
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Lemma 7 Let c G H 1 (M; R) and h & Hi (M;R) . VFe nave A** C A4 C 1/ and on/y i/ 
c G 9/3 (/i) . 

Proof: If M. h C .M c , then there exists a c-minimizing measure \x with = /i. So 



—a (c) = / (L — rj c ) dfjj — Ldfx — (c, h) = j3 (h) — (c, h) , 
Jtm Jtm 

where rj c is a representative of the cohomology class c. This show that c G df3 (h) . 

Conversely, let /1 minimizing measure with rotation vector h. If c G d/3 (h) , then 
(3 (h) = (c, h) — a (c) . Therefore 

—a(c)=/3(h) — (c,h)= / Ldfj, — (c, p (yu)) = / (L — r) c ) dpi. 

Jtm Jtm 

This proves that /1 is c-minimizing. ■ 

4 Proof of Theorems Q] and [2] 

In order to prove Theorems [1] and [2] we begin by proving the following lemma: 

Lemma 8 Let Q V)U be an invariant Lipschitz Lagrangian absorbing graph. Then A/|* j D 
Qri,u 7^ if and only if [u] = [rj\ . Moreover, AL = Q n ,u- 

Proof: Since Q VjU is an invariant Lipschitz Lagrangian graph, it is contained in the 
Mane's set A/j*,. Therefore, if (x ,p) G A/j*i n Q V:U , then we have (x ,p) G A/f*i nA/j*i. 
By Lemma El the w-limit set of points in Mane set is contained in the Aubry set. Thus 

u(x ,p) c A* H nA* v] . 

This shows that the intersection At* H -4^ is non-empty. Then, by a result of 
D. Massart (see |14j . Proposition 6), a has a flat F containing [u] and [rj\. Let c 
be a cohomology class belonging to the relative interior of F. It follows from (|14j. 
Proposition 6) that A* C At,, n .A? , . 

Let us consider a closed 1-form n c , with [rj c ] = c. It follows from ([S], Theorem 
4.9.3) that there exists a weak KAM of positive type u + for the Lagrangian L—n c . Then 
u + is subsolution of (HJ) and given x G M, we can find a C 1 curve j x : [0, oo) — > M with 
7x (0) = x, which is (u + , L — rj c ,a (c))-calibrated. This means that for all < tf < t 
holds 

u + (7* (*)) - u + (lx (0) = / L (7a 0) > 7* (s)) - Vc (7* 0)) + a (c) rfs. 
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Therefore (7^,73;) € A/" c + and, by Lemma we have that the cu-limit set of (7 X ,7 X ) is 
contained in Aubry set A c . Recall that by invariance of Q VtU we have Q ViU = C (x v (u)j 
and the Aubry set AL is contained in Q v>u . Since A* C A*^ C G v ,u, we conclude 
the w-limit set of (t^Te) is contained in Q^ u . Moreover, it follows from Q n%u being an 
absorbing graph, that the Hamiltonian orbit L (j x , j x ) is entirely contained in Q ruu . As 
a consequence, given T > 0, we have 

C (7^ (-T) , j x (-T)) e ^, u . 

If we let z = 7 X (— T) G M, since u + is weak KAM, there exists a C 1 curve 7^ : 
[0, 00) — > M which is (u + , L — rj c ,a (c))-calibrated with j z (0) = z. Similarly as above, 
the a;-limit set of £ (j z , j z ) is contained in Q V)U . Thus £ (72 (0) , j z (0)) e Q VtU and, since 
7z (0) = j x (-T) , we have j z (0) = 7^ (— T) . It follows from the uniqueness of solutions 
that 7 Z (t) = 7-,; (t — T) . This shows that 7 x |[_t,oo) is ( u +> L — c,a (c))-calibrated and, 
by (mj, Lemma 4.13.1), u + is differentiable at x with 

d x u + = — (x, % (0)) - r] c {% (0)) . 

Now let us consider another weak KAM v + for the Lagrangian L — rj c . There exists 
a C 1 curve 5 X : [0, 00) — > M with 5 X (0) = x, which is (i> + , L — rj c , a (c))-calibrated. 
Similarly, we conclude that 

d x v + = — (x,5 x {0))- Vc (%(0)). 



Moreover, the points C (j x (0) , j x (0)) and C [8 X (0) , 5 X (0)J belong to the graph 
Qrt,u with 7a; (0) = 5 X (0) = x. Thus j x (0) = 5 X (0) and we conclude that d x u + = d x v + . 
Since this equality holds for all x G M and M is connected, we have that u + differ of i> + 
by a constant. By arbitrariness of the two weak KAM, we conclude that any two weak 
KAM for the Lagrangian L — r\ c differ by a constant. It follows from ([ID], Proposition 
4.4) that A* = Af*. On the other hand, since u+ is differentiable everywhere in M, by 
([9], Lemma 4.13.1), we have 

H (x, r] c (x) + d x u + ) = a (c) , (2) 

This means that the graph Q Vc , u+ is invariant, so Q Vc ,u+ C Af* = A*. By the graph 
property, we have A* = Af* = Q r , c , u+ - As a consequence of A* C A*^ fl .A?,, we obtain 

A c = <A.[ U ] = <A[tj] = ^77,li- 
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We also have that the projected Aubry set A\ u \ is the whole manifold M, so there exists 
a function v G C 1 ' 1 such that A*^ = Q^,v Therefore 

7] (x) + d x u = oo (x) + d x v, Vx G M =>- (77 — uj) (x) = d x (v — u) , 

which implies [u] = [rj] ■ ■ 

We can now prove the main result stated in Introduction. 
Proof: (of Theorem [1]) Suppose that Q V)U is an absorbing graph. By the Lemma 
El AL = G v , u - We need to show that j3 is differentiate on da ([77]) . For a given 
h G da ([77]) , it suffices to show that 9/3 (h) = {[r/]} . Let us assume that [£] G 9/3 (h) , 
so we have h G 9a ([77]) H 9a ([£]) . It follows from Lemma [7] that 

M h C A[r,] n^ K] . 

This implies that AL-i D 7^ 0. Moreover, since C by Lemma we have 

[£] = W- Hence /3 is different iable at /i. 

Conversely, suppose that is differentiable at all homology class h G da ([77]) 
and ,4r\ = Gn,u- Let (x,p) G AT£ (L) such that u;(x,p) C Q ruu and let us consider 
c G i^ 1 (M; M) and v G S'S'c such that (x,p) G £ (x^ (v)^ . It follows from Lemma [5] 
that a; (x,p) C *4*. Thus 

w Or, p) C .4* n = .4* n ^ . 

This implies that A* c fl AL 1 7^ and, by ([2], Proposition 6), there exists a flat F 
of a such that c and [77] belong to F. As a consequence, there exists h G -Hi (M; M) 
such that [77] , c G d/3(h). Since /3 is differentiable at all /i G 9a ([77]), we obtain 
[77] = c. In particular, (x,p) G £ LT^ (v) \ . Since .4^] = M, there exists £ G T X M 
such that (x, £) G A[ v \. Then u is differentiable at x and |^ (x, £) — 77 = c^v (see [TO] . 
Theorem 2.5). Moreover, if 7 = tt o ^ (£ _1 (x,p)) is the curve such that 7L+00) is 
(u, L — [77] , a ([?7]))-calibrated, then 

v (7 (t))-v (7 (0)) = A L _ J?+Q(M) (7|[ ,t]) for all t > 0. 

Dividing by £, and letting t — > + , we get 

4* (7 (0)) = L (x, 7 (0)) - 77 (7 (0)) + a ([77]) . 

By Fenchel inequality, this can happen if and only if ^ (x, 7 (0)) — 77 = Therefore 
7(0) = £ and (x,p) G ^ = </„,«. ■ 
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Other examples of absorbing graphs are graphs contained in neighborhoods fo- 
liated by invariant Lipschitz Lagrangian graphs. We say that an open V in T*M is 
foliated by invariant Lipschitz Lagrangian graphs if each (x,p) G V belongs to a unique 
invariant Lipschitz Lagrangian graph Q C V. 

Definition 9 We say that a Tonelli Hamiltonian H is locally Lipschitz integrable on 
an invariant Lipschitz Lagrangian graph Q v>u if there exists a neighborhood V C T*M 
of Qr h u foliated by invariant Lipschitz Lagrangian graphs. 

Now we can to prove the Theorem [2J 

Proof: (of Theorem |2]) Let V be a neighborhood of Q^ u foliated by invariant Lipschitz 
Lagrangian graphs. Note that an invariant Lipschitz Lagrangian graph Q contained in 
V is absorbing. Since Q VjU C V, by Theorem (TJ 

G v ,u = A[ v ] = M ■*] . 

We can use the upper semicontinuity of the Mane set (see for instance [1] , Proposition 
13]) to deduce that there exists Uq C H 1 (M ; M) , an open neighborhood of [rf\ , such 
that Af* C V for all c G U . Given 

heV = [ J da (c) , 

let us suppose that h G da (cq) for some Co G Uo. So Af* C V and, by connectedness 
of Mane set, M* is contained in some invariant Lipschitz Lagrangian jV C V. Since 
is absorbing, it follows from Lemma |S] that Cq = [uj]. Moreover, by the Theorem 
[TJ j3 is differentiable at h G da (cq) . ■ 

5 Dynamical properties on a neighborhood of graphs 
and differerentiability of ft 

The tiered Mane set, denoted by M T (L) was introduced by M-C. Arnaud in pp. 
It is defined as the union of Mane sets M c for all cohomology class c G H 1 (M; M) , i.e. 

A/- T (L)= |J K. 

Arnaud also defines the dual tiered Mane (L) as £ LV T (L)) C T*M and proves, 
in the work A particular minimization property implies C° -integrability (see [2]), that 
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the dual tiered Mane MJ (L) is whole cotangent bundle T*M if and only if T*M is 
foliated by invariant Lipschitz Lagrangian graph. In this section we are interested in 
the differentiability of j3 when there exists a neighborhood V of an invariant Lipschitz 
Lagrangian Q contained in MJ (L) . We study the relation of this hypothesis with the 
existence of absorbing graphs contained in the neighborhood V. 

Lemma 10 Let us assume that for [77] G H 1 (M ; R) there exists a neighborhood V of 
AT, in T*M such that VcA/J (L) . Hence if for c G H 1 (M; R) , A* D V is non-empty, 
then A\rj\ C A c - 

Proof: Let n c be a representative of the cohomology class c. Let us consider (xo,po) G 
A* PI V and 5 > such that the ball 5,5 (^o,Po) C T*M centered at (xq,pq) and radius 
5 is contained in V. By ([2], Proposition 10), we can find Tq (c) > such that for all 
T > Tq (c) and for every Tonelli minimizing curve 7 : [0, T] — > M with 7 (0) = 7 (T) 
for the Lagrangian L — i] c , we have d {C (x , 7 (0)) , (x ,p )) < S, where d is the distance 
in T*M. 

Since Xq G A c , one of characterizations of Aubry sets (see for instance [TU] . 
Theorem 2.1 (4)) ensures the existence of a sequence of Tonelli minimizing curves 
7„ : [0,T n ] — > M for the Lagrangian L — c with 7 n (0) = 7 n (T n ) = Xo such that 
T n — > 00 and t4x,_ c+q ( c ) (7„) — >■ 0. Therefore, if T n > T (c) , we have 

d(£(x ,j n (0)) ,(x ,po)) <S, hence £(x ,7„(0)) GVc^(i). 

In particular, (j n , j n ) is a periodic orbit contained in some Mane set A/pu for some 
closed 1-form A n . Therefore (7 n ,7n) supports a measure [i n which is [A n ]-minimizing. 

Now we will show that .4.^] C A c . Indeed, let us consider y G A[ v ] and q G T*M 
such that (y,q) G AIL. Let e > such that B e (y,q) C V. Again by ([2], Proposition 
10), we can find Tq ([77]) > such that for all T > 2o ([77]) anc ^ f° r every Tonelli 
minimizing curve £ : [0, T] — >■ M with C (0) = C (^) f° r the Lagrangian L — [77] , we have 
d(£ (y,C(0)),(y,g)) < e. 

Take n sufficiently large such that T n > max {T (c) , T ([77])} . Because of Tonelli 
Theorem, we know that for each T n , there exists a Tonelli minimizing curve T n : 
[0, T n ] — > M with T n (0) = T n (T n ) = y for the Lagrangian L — 77 which is homologous 
to 7„. Since T n > T (77) , we have di^C (y : t n (0)V (y, q) \ < e which implies 

£(y,f n (0)) £B £ (M)CV. 
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As a consequence, ^T n ,f n j is a periodic orbit which supports a measure u n which is 
A n - minimizing for some closed 1-form A re . However, we have 



Thus, 



Or, 



Therefore, 



o 



P On) = 7TT [in] = T^T \T n ] = P On) • 



A L -\ n (Pn) = A L (jJLn) - (p (fl n ) , A n ) 

= Pip On)) - (p(y n ) An) 
= A L ^ Xn On) ■ 

L (in, In) - An (jn) dt = J L (V n , f „ ) - A n (t n ^j (It. 



A L - Vc +a(c) (r„) = A L - Xn +(\ n -r, c )+ a (c) (T„) = A L _ X „ 0„) + [A n - 7] c } [T n ] + a (c) T n 

= A L _ Xn (in) + [A„ - 77J [7 ?l ] + a (c) T n = A L _ J7o+a(c ) (7^) ->■ 0. 

This shows that y G *4. c and we obtain A[„] C A c . ■ 
The following corollary relates a neighborhood contained in the dual tiered Mane 
to the existence of absorbing graphs for each cohomology class belonging to an open 
subset of H 1 (M; R) . 

Corollary 11 Let V be a neighborhood of an invariant Lipschitz Lagrangian graph 
Q v ,u such that Q v ,u = A^L. Let us assume that V is contained in the dual tiered Mane 
J\fJ (L) . Then there exists a neighborhood Uq C H 1 (M; M.) of [rj] such that for each 
c G Uq, there exists an absorbing graph G Vc ,u c with [77J = c and u c G C 1 ' 1 . Hence (3 is 
differentiable at any point ofV = \J ceUo da (c) . 

Proof: We can use the upper semicontinuity of the Mane set (see for instance [TJ, 
Proposition 13) to deduce that there exists Uq C H 1 (M; M) , a neighborhood of [n] , 
such that Af* C V for all c G Uq. In particular, for all c G Uq we have A* C V 
and, by the Lemma [TJ)J we conclude that A c = A[ n ] ■ Moreover, since Q v>u = ALi , we 
have A c = M. Therefore, there exists a closed 1-form n c with [77J = c and a function 
u c G C 1,1 such that A* = Q V c,u c - ^ remains to show that Q Tjc ,u c is absorbing. In fact, if 
(x,p) G C (A/J (L)) and 

c g Vc , Uc = a* c , 
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then the curve 7 (t) = n o ipf (x,p) , the projection of the Hamiltonian flow (pjr , in- 
tersects V for some time r > 0. In particular (p^ (x,p) belongs to some Mane set J\f£. 
This implies that oj (x,p) C so A^nA*^ 0. The Lemma fTUl implies that Ag = M 
and, as a consequence, there exist v G C 1,1 and 775 a representative of the cohomology 
class c such that »4.i = Q m , v - 

By Proposition 6 of [H], c and c belong to the same flat i* 1 of a. Moreover, if 
Co is in the relative interior of F, then A* C A* D v4.i. It follows from Lemma fTUl that 
^4 C0 = M and, as a consequence, there exist a closed 1-form i] CQ with [r^ Co ] = Co and a 
function u G C 1 ' 1 such that *4.* = G Vco ,u - This shows that 

and, by the graph property, = Q m ,v — G Vc ,u- This shows that ^ (x,p) belongs to 
Q Vc>u for all t G M. In particular, (x,p) belongs to G Vc ,u and we conclude that G Vc>u is 
an absorbing graph. 

The conclusion that (3 is differentiable at any point of V = [j ceUo da (c) follows 
from Theorem [TJ ■ 

The union of the invariant absorbing graphs obtained in the previous corollary 
may or may not be an open subset of T*M. However, this is the case, with the additional 
hypothesis dim if 1 (M; K) = dim M, as shown in the following theorem. 

Theorem 12 Suppose that dim H 1 (Af ; R) = dim M. Let U C H 1 (M, M) be a neigh- 
borhood of [rj\ such that for each c G Uq, there exists an invariant Lipschitz Lagrangian 
absorbing graph G Vc ,u c with [77J = c and u c G C 1,1 . T/ien i/ie Hamiltonian is locally 
Lipschitz integrable on Grj,u, where u = U[ v ]. 

Proof: Let us define the map 

F:Mx(/ 4 T*M (3) 
(x, c) -)■ (x, ?] c (x) + d x « c ) 

where the closed 1-form ?7 C is a representative of c and w c G C 1,1 such that ^ C;Wc is an 
invariant absorbing graph. In particular, by Theorem [H we have A* = G Vc ,u c - This map 
is injective because the absorbing graphs are disjoint. Moreover, F is also continuous. 
In fact, let (x n ,c n ) — > (x ,c) and consider its associated graphs A* n = Q* c Uc . Let 
us consider the sequence of Lipschtz functions A n = n Cn + du Cn . Note that, by the 
graph property, we have A* n = M* n . Moreover, by upper semicontinuity of the Mane 
set (see [I], Proposition 13), we conclude that for n sufficiently large, the sequence 
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(x n , X n (x n )) G Af* n remains in a compact set. We can conclude that - up to selecting 
a subsequence - (x n , \ n (x n )) converges to some point that belongs to Af*. Moreover, 
since Af* = A* and x n — > xo, by the graph property, we conclude that 

(x n , \ n (x n )) (x , rjc Oo) + d xo u c ) <^> F (x n , c n ) F (x , c) . 

The result follows from Invariance Domain Theorem for manifolds. In fact, 

dim (Af x U) = 2n = dim T*M 

and F is continuous and injective. Therefore F (Af x U) is open and Q v u C F (Af x U) , 
that is, the Hamiltonian is locally Lipschitz integrable on Q V)U . ■ 
As an immediate consequence of Corollary [TT1 and Theorem [T2l we present a local 
version of Arnaud's Theorem ([2], Theorem 1). 

Corollary 13 Suppose that dim H 1 (Af ; R) = dim Af. Let V be a neighborhood of an 
invariant Lipschitz Lagrangian Q VjU such that Q n ^ u = ALi and V is contained in the 
dual tiered Mane A/J (L) . Then the Hamiltonian is locally Lipschitz integrable on Q^ u . 

6 The Case M = T 2 

We say that a homology h G Hi (T 2 ;IR) is rational if there exists A > such 
that Xh G i*Hi (T 2 ; Z) , where z* : H x (T 2 ; Z) ffi (T 2 ; R) is the natural map. Since 
the manifold treated in this section is the torus T 2 , we can say that a homology h G 
Hi (T 2 ; R) is irrational if it is not rational. For general manifolds, there is the concept 
of k-irrationality (see for instance [II]). 

Note that if two cohomology classes lie in the relative interior of a flat of a, by 
[T7] their Mather sets coincide. Then A4 (dj3(h)) denotes the Mather sets of all the 
cohomologies in the relative interior of d/3(h). A homology class h is said to be singular 
if its Legendre transform df3(h) is a singular flat, i.e. its Mather set A4 (d/3(h)) contains 
fixed points. 

One natural question in the present context is if the set V = U c ec/ ® a ( c ) obtained 
in Theorem [2] is an open of ffi (Af; R) . If this the case, by convexity /3, we obtain that 
it is of class C 1 in V. In the case of Af = T 2 , a positive answer to this question is given 
in the next proposition. 

Proposition 14 Suppose Af = T 2 . Let c G H 1 (T 2 ;R) and Uq be a neighborhood of 
Co in H l (T 2 ; R) such that (5 is differentiable at any point of V = U c ec/ ® a ( c ) ' ^ en 
a is C 1 in Uq. In particular, V is an open set of Hi (T 2 ; R) and (3 is of class C 1 in V. 
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Proof: Let c G Uq be a cohomology class and let h be a rational homology class 
belonging to da (c) . Suppose by contradiction that da (c) ^ {K\ . Recall that, in case 
M = T 2 , all flats of (3 flats are radial (see [5]) . Therefore, exchanging, if necessary, h 
and a nonzero extremal point of da (c) , which exists because da (c) has two extremal 
points which also are rational, we can assume 

da (c) = [AM] = {th : t G [A, 1]} 

for some A < 1. Let us consider a sequence t n > 1 such that t n — > 1. We will show 
that, for n sufficiently large, /3 is differentiate at In fact, there exists a sequence 
c n G tf 1 (T 2 ; R) such that c n G 5/? (t n /i) .Thus 

(3 (t n h) = (t n h, c n ) - a (c n ) . 

The sequence c n has subsequence bounded. Otherwise, let us consider a subsequence 
of ir^iT convergent, i.e. ,, c " k M — >■ a, where II. II denotes a norm on if 1 (T 2 ;M) (see for 

||Cn|| & ' ||cn fc || V 1 ^ V 

instance [S], Section 4.10). So we have ||c n J| — > oo and 

a (°nk) I, 7 c n fe \ P(t nk h) , . 

,, |, = ( t« fe /i, > - I, I, -»■ (/i, a) , 

ll c "fc II \ ll c «fc II / ll c "fc II 

which contradicts the superlinearity of a. Then we can assume, extracting a subse- 
quence if necessary, c n — > c. Thence 

/3 (h) = lim/3 (t n h) = lim (t n h, c n ) - a (c n ) = (h, c) - a (c) . 

This shows that cT G 9/3 (/i) . Since /3 is differentiable at /i, we conclude that c = c and 
c n G £7o for n sufficiently large. Therefore f3 is differentiable at t n h. 

Observe that t n h is non-singular for all n G N. Otherwise, there exists a fixed 
point, which comprise the support of a minimizing measure /^o, in .M (9/3 (t n h)) = Ai Cn . 
Since p (/io) = 0, the set [0, t n h] is contained in a flat of (5 and the maximal flat [Xh, h] 
may be extended because t n > 1. 

Therefore we can apply ([IS], Corollary 1) to deduce that T 2 is foliated by periodic 
orbits and M. Cn = -A Cn = T 2 . By ([8], Proposition 2.1) we can consider a point (x, v) G 
TT 2 such that the orbit ip t (x, v) is periodic with period T and which comprise the 
support of a minimizing measure with rotation vector Xh. If (x, v) is a fixed point, take 
T = +oo. Since x G A Cn , there exists a only v n such that (x,v n ) G *4. Cn is a periodic 
point with period T n . By semicontinuity of the Aubry set, (x,v n ) converges to some 
point (x,w) of A c - By the graph property, w = v. 
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We now prove that for all 5 > 0, there exists no G N such that T no > T — 8. In 
fact, if some 5 > is such that < T n < T — 5 for all n G N, extracting a subsequence 
if necessary, T n — >• S < T and tpT„ (x, v n ) —> tps (x, v) = (x, v) which contradicts the 
minimality of period of the orbit of (x,v). Let us consider ho G H\ (T 2 ;Z) such that 
the probability measure carried by the orbit ip t {x, v) have homology ^h = \h and the 
probability measure carried by the orbit tp t (x, v n ) have homology ^-ho = t n h. Given 
S — T (1 — A) , there exists n G N such that T no > T — T (1 — A) = TA. Then, since 
ho = TXh and ho = T no t no h, we have j^- = t no < 1 which is a contradiction. 

Now suppose that h be an irrational homology class belongs to da (c) . Therefore 
any probability measure /z-minimizing is supported on a lamination of the torus without 
closed leaves. Moreover, this measure is uniquely ergodic. In particular, h is not 
contained in any non-trivial flat of /3. ■ 

As a consequence of the above Proposition, we present a local version of ([13], 
Theorem 3). 

Theorem 15 Suppose that M = T 2 and let [rj\ be a cohomology class. Then the 
following statements are equivalent: 

(1) There exists u e C 1,1 (M) and a neighborhood V of Q V)U in T*M such that AIL = 
g VtU and V C Kf T (L) . 

(2) f3 is differentiable at any point of V = [J da(c) for some neighborhood Uq C 

ceu 

H 1 (M; R) of[ V \. 

(3) There exists u G C 1 ' 1 (M) such that the Hamiltonian is locally Lipschitz integrable 

on g VtU . 

Proof: (1) =>• (2) It follows immediately of Corollary ITT1 

(2) =>• (3) By Proposition [T3J V is open in Hi (T 2 ; M.) and the Legendre transform is a 
homeomorphism between V and Uq. For each h G V, let us consider Ch = dj3 (h) . Then 
the set of the classes Ch with h rational and non-singular is dense in Uq. In fact, the 
set of the classes with h rational (see [H], Lemma 7) is dense in H l (T 2 ;M). Now 
note that zero is the only (possibly) singular class belongs to da (c) such that c G Uq, 
because if a non-zero class h is singular belongs to da (c) such that c G Uq, then there 
is a fixed point in the Mather set of c. Thus da (c) contains the homology of the Dirac 
measure on the fixed point. This contradicts the Proposition [TU which says that a is 
C 1 in U Q . 

It follows from ([IS], Corollary 1) that A Ch = T 2 is foliated by periodic orbits. By 
semicontinuity of Aubry set, we have that A c = T 2 for all c G Uq and that there exist 
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rj c a representative of class c and u c G C 1,1 (T 2 ) such that A* = G Vc ,u c - in particular, 
AL-i = Q ViU f° r some u G C 1,1 . Moreover, these graphs are absorbing. Indeed, this 

follows from assumption that (5 is differentiate at any point V — |J da (c) and from 

ceu 

converse of Theorem [TJ Therefore, since dimi^x (T 2 ; M) = dimM 2 , by the Theorem [T2"} 
we obtain a neighborhood of Q v>u foliated by invariant Lipschitz Lagrangian graphs. 

(3) =>- (1) All point of V belongs to some invariant Lipschitz Lagrangian graphs. In 

particular, belongs to some Mane set, soVcF (L) . Since graphs of a foliation are 
absorbing, by Theorem [T] we have At ' , = G V)U . ■ 



7 An Example: vertical exact magnetic Lagrangian 

In this section we present a Lagrangian on the two torus T 2 such that the /3- 
function is of class C 1 in the open set 

A={(h u h 2 ) G Hi (T 2 ;R) -.h^O} 

and is not differentiate at any point outside of A. Let us consider the magnetic La- 
grangian on the two torus T 2 defined by 

II i|2 

L (x, y, Vt, v 2 ) = + ((0, cos {2txx)) , v) 

where the metric |.| is induced by inner product. This type of convex and superli- 
near Lagrangian is an example of vertical magnetic Lagrangian, apresented in [6], in 
which the authors were interested in flats of /3 function. Here we are interested in the 
differentiability of (3 and consequently in flats of a. 

The Euler-Lagrange flow associated with this Lagrangian is generated by the 
vector field: 




x = v 

v = —2n sin (2wx) Jv 



where J is the 2x2 canonical sympletic matrix. Since the energy function for L is 
E(x,y,v) = | ||f|| 2 , for each energy level E > 0, we can consider the angle ip (with 
horizontal line) of trajectories of the Euler-Lagrange flow. This means that ip is the 
new parameter of v = (t>i,t>2) : 

v\ = \J2E cos ip, V2 = V2E sin (p. 
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Figure 1: Energy level E > ^ 



It is easy to see that H (x, ip) = cos (2tix) + \J2E sin <p is a first integral. The critical 
points of H are (0, |)-maximum, (0, — |)-saddle, (|, |)-saddle and (|, — |)-minimum. 

Depending of the level of energy, there exist or not invariant Lipschitz Lagrangian 
graphs. A suficiently condition for existing invariant Lipschitz Lagrangian graphs in 
the level of energy E is E > \. In fact, if |F| < V2E - 1, the level H~ l (F) of H 
is composed by two graphs. This follows from Implicit Function Theorem. Indeed, 
|p = \/2E cos (f = if and only if ip = ±|. In this case, cos (27rx) ± y/2E = F implies 
F > \p2E~ — 1 or F < 1 — V2E, which contradicts |F| < y2E — 1. This also show that 
the two graphs of <p\ and ip 2 with <^ 2 = tt — given implicitly by equation 

cos (2nx) + V 2E sin tp = F 

are invariant for E" > | and |F| < v2F — 1. 

The figure 1 describes the projection these graphs in the section xtp, in the energy 
level E > -x. Let us consider the closed 1-forms 

r\i = \/2E cos ifi (x) dx + Fdy, i = 1,2, (4) 

dependent of E and F. Since C (x, v) = (x, ((v±, v 2 + cos (2%x)) , •)) , we have Q m ,Q = 
C (x, \/2E cos (fi, \/2E sin ip>ij . These graphs compose a local foliation in T*T 2 , then 
are absorbing graphs. It follows from Theorem [T] that j3 is differentiable at any point 
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of da ([rji]) , where 

[rji] = / V2E cos ifii (x) dx + Fdy, (5) 
Jo 

for all i — 1, 2, i? > ~ and F with |F| < V2F — 1. Moreover, by Proposition HU we 
conclude that a function is differentiable at [rji] . 

Take F -> V2E-1 by left and F ->■ 1 - by right in (JBJ, for each i = 1, 2, we 
obtain four closed 1-forms er 2 , £i and £ 2 whose graphs are the connections of saddle. 
Therefore G ai ,o H £ CTl; o 7^ an d the graphs and Ga 2 ,o is not absorbing. Moreover, 
since G m ,o are absorbing graphs, AL.1 = G Vi ,o- Then, by semicontinuity of Aubry set, 
we obtain A[ ai ] = T 2 , so At a A = G ai ,o- It follows from ([H], Proposition 6) that [ax] and 
[cr 2 ] belong to same flat of a. We obtain, analogously, that [£1] and [£ 2 ] belong to same 
flat of a. This show that j3 is neither differentiable at points of da ([ai]) nor at points 
of da ( ) . Actually, the homology classes which belong to da ( [<T;] ) and da ( ) are 
±y/2E (0, 1). In fact, the intersection A\ ai \ fl .A[ CT2 ] is the intersection of two graphs 
given by implicit equation 

cos (2m:) + v^sin^ = V2E - 1. 

Thence A[ ai ] D A[ a2 ] is the closed curve 71 : t (->• f |, \Z2Et^ . In particular, 71 belongs 
to -M[ CT1 ] fl A4[ CT2 ] which supports the measure //1 with rotation vector equals = 
\[TE (0, 1) . Analogously, Ayt{\ fl ^4^ 2 ] is the closed curve 72 : t 1— >• ^0, —\^2Et^ which 
supports a probability measure /i 2 with p (/i 2 ) = —V2E (0, 1) . Therefore we prove that 
(3 function is not differentiable at any homology class of the form (0, /i 2 ) . 



Remark 16 Since H and E are first integrals, given two constants a and b, the level 
set (H, E)' 1 (a, b) = {(x, v) : H (x, v) = a,E (x, v) = b} is an absorbing set. Therefore, 
it follows from Proposition that if H (^-cj — F f or some c G H 1 (T 2 ;R) , then 
(H, E)~ l (F, a (c)) projects onto the whole torus T 2 . 

By previous remark, for all c G H 1 (T 2 ;M.) the Aubry set A c is contained in 
an invariant Lipschitz Lagrangian graph. Since the supports of minimizing measures 
contained in the graphs G ai ,o and G^,o have vector rotation of the form (0, h 2 ) , if h G A 
then Ai h is contained in a neighborhood foliated by Lipschitz Lagrangian graphs. It 
follows from Theorem [15] and Proposition [Hit hat f3 is of class C 1 in some neighborhood 
of h and hence of class C 1 in A. 



20 



References 



[1] Arnaud, M-C, The tiered Aubry set for autonomous Lagrangian functions, Ann. 
Inst. Fourier (Grenoble) 58, no. 5, 1733-1759 (2008). 

[2] Arnaud, M-C, A particular minimization property implies C° -integrability , Jour- 
nal of Differential Equations, 250 (5), 2389-2401 (2011). 

[3] Bernard, P., Contreras, G., A generic property of families of Lagrangian systems, 
Annals of Mathematics, Pages 1099-1108 from Volume 167 (2008). 

[4] Bernard, P., On the Conley Decomposition of Mather sets, Rev. Mat. Iberoameri- 
cana, vol. 26, no. 1, pp. 115-132 (2010). 

[5] Carneiro, M. J., On minimizing measures of the action of autonomous La- 
grangians, Nonlinearity, 8 (6): 1077-1085, (1995). 

[6] Carneiro, M. J., Lopes, A., On the minimal action function of autonomous la- 
grangians associated to magnetic fields, Annales de l'l. H. P., section C, tome 16, 
N.6, 667-690, (1999). 

[7] Contreras, G., Iturriaga, R., Global Minimizers of Autonomous Lagrangians, 
CIMAT, Mexico, (2000). 

[8] Contreras, G., Macarini, L., Paternain, G., Periodic Orbits for Exact Magnetic 
Flows on Surfaces, International Mathematics Research Notices, No. 8, (2004). 

[9] Fathi, A., Weak KAM Theorem and Lagrangian Dynamics Preliminary Version 
Number 10, (2008). 

[10] Fathi, A., Figalli A., Rifford L., On the H aus dor ff dimension of the Mather quo- 
tient. Comm. Pure Appl. Math. 62, no. 4, 445-500, (2009). 

[11] Fathi, A., Giuliani, A., Sorrentino, A., Uniqueness of Invariant Lagrangian Graphs 
in a Homology or a Cohomology Class. Ann. Scuola Norm. Sup. Pisa CI. Sci. (5) 
Vol. VIII, 659-680, (2009). 

[12] Mane, R., Generic properties and problems of minimizing measure of Lagrangian 
dynamical systems, Nonlinearity, 9, N.2, 273-310, (1996). 

[13] Mane, R., Global Variational Methods in Conservative Dynamics, IMPA, (1993). 



21 



[14] Massart, D., On Aubry sets and Mather's action functional, Israel J. Math., 134, 
157-71 (2003). 

[15] Massart, D., Vertices of Mather's Beta function, II, Ergodic Theory Dynam. Sys- 
tems, 29, no. 4, 1289-1307, (2009). 

[16] Massart, D., Sorrentino, A. ; Differentiability of Mather's average action and inte- 
grability on closed surfaces, Nonlinearity, 24, 1777-1793, (2011). 

[17] Mather, J. N., Action minimizing invariant measures for positive definite La- 
grangian Systems, Math. Zeitschrift, 207, 169-207, (1991). 



22 



